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ENUMERATING HOMOTOPY-RIBBON SLICE DISCS
ANTHONY CONWAY AND MARK POWELL
Abstract. Let Γ be either the infinite cyclic groupZ or the Baumslag-Solitar groupZnZ[1
2
].
Let K be a slice knot admitting a slice disc D in the 4-ball whose exterior has fundamental
group Γ. We classify the Γ-homotopy ribbon slice discs for K up to topological ambient
isotopy rel. boundary using surgery theory. In the infinite cyclic case, there is a unique
equivalence class of such slice discs. When Γ is the Baumslag-Solitar group, there is at most
one Γ-homotopy ribbon slice disc for each lagrangian of the Blanchfield pairing of K.
1. Introduction
A knot K ⊂ S3 is slice if it bounds a locally flat disc D ⊂ D4. The goal of this paper
is to study the classification of the slice discs of a given slice knot up to topological ambient
isotopy rel. boundary.
In the 1980s, Hitt-Sumners [HS81, HS82] and Plotnick [Plo83] studied smooth disc knots:
proper embeddings Dn ⊂ Dn+2, with n ≥ 5. Disc knots were studied more recently in
the classical dimension n = 2 by Larson-Meier [LM15] and Abe-Tange [AT18]. Juhasz-
Zemke [JZ18] studied instead the possible slice discs that a fixed knot in S3 can bound. They
used Heegaard-Floer invariants to obstruct pairs of slice discs from being smoothly isotopic
rel. boundary. We take a similar viewpoint as this latter article, fixing the knot, but we work
in the topological category with locally flat embeddings.
When considering the possible slice discs that a slice knot can bound, an initial obser-
vation is that one can connect sum a given slice disc with any 2-knot, to obtain infinitely
many mutually non-isotopic slice discs for every slice knot, as can be seen by considering the
fundamental group of the exterior.
We therefore restrict to slice discs D for which pi1(D
4 \D) is a fixed group. We also add a
technical homotopy ribbon condition on our discs by requiring that the inclusion map XK :=
S3 \ νK ↪→ ND := D4 \ νD induces a surjection pi1(XK)  pi1(ND). A knot is homotopy
ribbon if it admits such a homotopy ribbon disc. The (open) topological ribbon-slice conjecture
asserts that every slice knot is homotopy ribbon.
Definition. Given a group Γ, a homotopy ribbon discD is Γ-homotopy ribbon if pi1(ND) ∼= Γ.
An oriented knot is Γ-homotopy ribbon if it bounds a Γ-homotopy ribbon disc.
In the present paper, we consider two cases: the infinite cyclic group Z and the Baumslag-
Solitar group
G := B(1, 2) = 〈a, c | aca−1 = c2〉 ∼= ZnZ[12 ],
where the generator a of Z acts on Z[12 ] via multiplication by 2. Since both of these groups
are solvable, and hence good in the sense of Freedman, topological surgery in dimension 4 and
the 5-dimensional s-cobordism theorem can be applied to classify Γ-homotopy ribbon discs.
A first question, however, is whether such discs exist.
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The following theorem, whose two parts are respectively due to Freedman [Fre82] (see
also [FQ90, Theorem 11.7B] and [GT04, Appendix A]) and Friedl-Teichner [FT05, Theo-
rem 1.3] answers this question in the affirmative. Let MK denote the zero-framed surgery
manifold of K. Note that ∂ND = MK for every slice disc D for K.
Theorem 1.1. Let K be an oriented knot.
(1) If K has Alexander polynomial ∆K(t)
.
= 1, then K is Z-homotopy ribbon.
(2) If there is a surjection pi1(MK)  G such that Ext1Z[G](H1(MK ;Z[G]),Z[G]) = 0,
then K is G-homotopy ribbon.
Since we now know that Γ-homotopy ribbon discs are abundant for the groups Γ = Z
and G, we return to our initial objective: their classification.
1.1. Z-homotopy ribbon discs. In the Z case, we show that the Z-homotopy ribbon disc
for an Alexander polynomial 1 knot K is essentially unique. More precisely, we prove the
following.
Theorem 1.2. Any two Z-homotopy ribbon discs of a Z-homotopy ribbon knot are ambiently
isotopic rel. boundary.
Theorem 1.2 is probably known to the experts and accords with Freedman’s other famous
result that every knotted S2 ↪→ S4 with pi1(S4 \ S2) = Z is topologically isotopic to the
standard unknotted embedding S2 ↪→ S4 [FQ90]. We now move on to the ZnZ[1
2
] case.
1.2. Z n Z[1
2
]-homotopy ribbon discs. Before stating our second result, some additional
notions are needed. Recall that MK denotes the 0-framed surgery along an oriented knot K,
that H1(MK ;Z[t
±1]) coincides with the Alexander module of K and that if D is a slice disc
for K, then ∂ND = MK . If D is a homotopy ribbon disc for a knot K, then we call
PD := ker(H1(MK ;Z[t
±1])→ H1(ND;Z[t±1]))
the lagrangian induced by D. The reason for this terminology is that PD is a lagrangian for
the Blanchfield pairing Bl(K) of K, i.e. PD = P
⊥
D . Note that if K is merely slice, then this
only need hold over the PID Q[t±1].
Our second main result shows that the classification of Z n Z[1
2
]-homotopy ribbon discs
can be expressed using the induced lagrangians of the Blanchfield form.
Theorem 1.3. Set G := ZnZ[1
2
] and let K be a G-homotopy ribbon knot. If two G-homotopy
ribbon discs for K induce the same lagrangian, then they are ambiently isotopic rel. boundary.
Before describing applications of Theorem 1.3, we outline the common strategy behind the
proofs of Theorems 1.2 and 1.3. We say that two slice discs D1 and D2 for a slice knot K are
compatible if there is an isomorphism f : pi1(ND1)
∼=−→ pi1(ND2) that satisfies f ◦ ιD1 = ιD2 ,
where ιDk : pi1(MK) → pi1(NDk) denotes the inclusion induced map for k = 1, 2. Observe
that two Z-homotopy ribbon discs for an oriented Z-homotopy ribbon knot are necessarily
compatible, while Proposition 3.3 shows that G-homotopy ribbon discs are compatible if and
only if they induce the same lagrangian.
Summarising, Theorems 1.2 and 1.3 are both consequences of the following result.
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Theorem 1.4. Use Γ to denote either Z or Z n Z[1
2
] and let K be a Γ-homotopy ribbon
knot. If D1 and D2 are two compatible Γ-homotopy ribbon discs for K, then D1 and D2 are
ambiently isotopic rel. boundary.
Theorem 1.4 is proved by applying the surgery programme to the disc exteriors ND1
and ND2 . We briefly recall the steps of this well known classification programme. Let D1
and D2 be two compatible Γ-homotopy ribbon discs.
(1) In Lemma 2.1, we establish that ND1 and ND2 are homotopy equivalent.
(2) Fixing a homotopy equivalence f : ND1 → ND2 , Proposition 2.3 constructs a cobor-
dism (W,ND1 , ND2) relative to MK , and a degree one normal map
(F, IdND1 , f) : (W,ND1 , ND2)→ (ND1 × [0, 1], ND1 , ND1).
This is a surgery problem: we wish to know whether F is normally bordant to a
(simple) homotopy equivalence. There is an obstruction σ(F ) in the (simple) quadratic
L-group L5(Z[Γ]) to solving this problem.
(3) After analysing the surgery obstruction σ(F ) in Lemma 2.4, we take connected sums
along circles with Freedman’s E8 manifold times S
1, in order to replace F by a new
degree one normal map with vanishing surgery obstruction.
(4) We perform 5-dimensional surgery to obtain an s-cobordism. Since Γ is a good group,
the topological s-cobordism theorem in dimension 5 implies that ND1 and ND2 are
homeomorphic rel. boundary.
(5) Lemma 2.5 shows if the disc exteriors ND1 and ND2 are homeomorphic rel. boundary,
then the discs D1 and D2 are ambiently isotopic rel. boundary.
1.3. Characterisation of Z n Z[1
2
]-homotopy ribbon discs. Set G := Z n Z[1
2
]. Theo-
rem 1.3 combines with the results of Friedl and Teichner [FT05] to characterise G-homotopy
ribbon discs. These authors state that if a knot K bounds a G-homotopy ribbon disc D,
then ∆K
.
= (t− 2)(2t− 1) [FT05, Corollary 3.4]. The next proposition, proven in Section 4,
establishes a mild generalisation of this result, and shows that the existence condition of The-
orem 1.1 is necessary. To state this result, given a Z[t±1]-module P , we use P to denote P
with the Z[t±1]-module structure induced by t · x = t−1x.
Proposition 1.5. Let D be a G-homotopy ribbon disc for a knot K.
(1) The Alexander module of K sits in a short exact sequence
0→ PD → H1(MK ;Z[t±1])→ PD → 0,
and PD equals either Z[t
±1]/(t − 2) or Z[t±1]/(2t − 1). In particular, the Alexander
polynomial of K is given by
∆K
.
= (t− 2)(2t− 1).
(2) With respect to the inclusion induced map φ : pi1(MK)  pi1(D4 \ νD) ∼= G, one has
Ext1Z[G](H1(MK ;Z[G]),Z[G]) = 0.
From now on, we use Z[1
2
] to denote either Z[t±1]/(t−2) or Z[t±1]/(2t−1). The combination
of our main result (Theorem 1.3) with Proposition 1.5 and [FT05, Theorem 1.3] provides a
complete characterisation of G-homotopy ribbon discs. To state this characterisation, suppose
4 ANTHONY CONWAY AND MARK POWELL
a lagrangian P ⊆ H1(MK ;Z[t±1]) of the Blanchfield pairing of a knot K fits in an exact
sequence
0→ P → H1(MK ;Z[t±1])→ Z[12 ]→ 0.
As we shall see in Section 4, the existence of this exact sequence implies that the Alexander
polynomial of K satisfies ∆K
.
= (t− 2)(2t− 1). Furthermore, associated with this lagrangian
is the homomorphism
φP : pi1(MK)→ pi1(MK)/pi1(MK)(2) ∼= ZnH1(MK ;Z[t±1])
→ ZnH1(MK ;Z[t±1])/P ∼= G
which is obtained as a composition of canonical projections and isomorphisms. We can now
state the characterisation of G-homotopy ribbon discs.
Theorem 1.6. Let K be an oriented knot, and let P ⊆ H1(MK ;Z[t±1]) be a lagrangian of
the Blanchfield pairing BlK . The following assertions are equivalent.
(1) There is a G-homotopy ribbon disc D for K with P = PD, unique up to topological
ambient isotopy rel. boundary;
(2) The lagrangian P fits into a short exact sequence
0→ P → H1(MK ;Z[t±1])→ Z[12 ]→ 0,
and, with respect to φP , we have Ext
1
Z[G](H1(MK ;Z[G]),Z[G]) = 0.
1.4. Examples. After providing the details for these results, the remainder of the paper is
devoted to an explicit application of Theorem 1.3: we study the (ZnZ[1
2
])-homotopy ribbon
discs for the family {Kn}n∈Z of knots depicted in Figure 1. We shall recall the construction
of explicit (ZnZ[1
2
])-homotopy discs for each Kn. Then for n = 3k, we obtain the following
complete classification as an application of Theorem 1.3.
Theorem 1.7. Set G := ZnZ[1
2
]. Up to ambient isotopy rel. boundary, the knot K3k admits
(1) precisely two distinct G-homotopy ribbon discs if k = 0,−1;
(2) a unique G-homotopy ribbon disc if k 6= 0,−1.
n
1
Figure 1. The knot Kn, where for n > 0 the box symbolises n positive full
twists, as depicted on the right. For n < 0, we use n negative full twists.
The proof of the second item uses a theorem of Cochran-Harvey-Leidy [CHL10] to obstruct
the existence of a potential slice disc corresponding to one of the lagrangians of the Blanchfield
pairing. This involves obtaining bounds on the Levine-Tristram signatures of metabolizing
curves on a Seifert surface for Kn, as we shall explain in Section 5. For n ≡ 1, 2 mod 3,
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we have the following partial answer. Part (2) was obtained using a computer to calculate
Levine-Tristram signatures.
Proposition 1.8. Set G := ZnZ[1
2
]. Up to ambient isotopy rel. boundary,
(1) the knots K−1 and K−2 admit precisely two distinct G-homotopy ribbon discs;
(2) the knots K−5, K−4, K1, and K2 admit a unique G-homotopy ribbon disc.
As |n| increases, so does the complexity of the metabolizing curves for Kn. We therefore
conjecture that Kn admits precisely two G-homotopy ribbon discs for −3 ≤ n ≤ 0, and a
unique G-homotopy ribbon disc otherwise. Note that altogether we have verified the conjec-
ture for −6 ≤ n ≤ 3, and for n = 3k, k ∈ Z. Due to limitations in our ability to obtain bounds
for Levine-Tristram signatures of metabolizing curves in infinite families, we only have the
experimental evidence given in Proposition 1.8.
Organisation. This article is organised as follows. Theorem 1.4 (and thus Theorem 1.2) is
proved using surgery theory in Section 2, while we deduce Theorem 1.3 from considerations
on the Alexander module in Section 3. Theorem 1.6 is proved in Section 4, Theorem 1.7
and Proposition 1.8 are proved in Section 5. Finally, in Section 6 we relax the rel. boundary
condition on ambient isotopies, but still exhibit knots with precisely two G-homotopy ribbon
discs.
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Conventions. Throughout this article, we work in the topological category and we assume
that all manifolds are compact and oriented. We say that homeomorphisms, homotopy equiv-
alences and isotopies are rel. boundary if they fix the boundary pointwise. If N1, N2 are
two n-manifolds with boundary M , a cobordism between N1 and N2 is relative M if, when
restricted to M , it is the product M × [0, 1]. Given a Poincare´ complex (X, ∂X), a degree
one normal map (f, ∂f) : (N, ∂N)→ (X, ∂X) is relative if ∂f is a homotopy equivalence.
2. The surgery programme for slice disc exteriors.
In this section, we prove Theorem 1.4 by following the surgery programme described above.
From now on, Γ denotes either Z or Zn Z[1
2
]. Recall that two Γ-homotopy ribbon discs D1
and D2 for a knot K are called compatible if there is an isomorphism f : pi1(ND1)
∼=→ pi1(ND2)
that satisfies f ◦ ιD1 = ιD2 , where ιDk : pi1(MK) → pi1(NDk) denotes the inclusion induced
map and ∂NDk = MK for k = 1, 2. Such an isomorphism f will be called a compatible
isomorphism.
2.1. The homotopy type. Let D1 and D2 be two Γ-homotopy ribbon discs for a knot K.
The first step in the surgery programme consists of showing that ND1 and ND2 have the same
homotopy type. To achieve this, we describe the homotopy type of arbitrary Γ-homotopy
ribbon disc exteriors: they are Eilenberg-Maclane spaces K(Γ, 1).
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Lemma 2.1. Let Γ be either Z or ZnZ[1
2
]. If D is a Γ-homotopy ribbon disc for a knot K,
then its exterior ND is a K(Γ, 1). In particular,
(1) all Γ-homotopy ribbon disc exteriors are homotopy equivalent to one another;
(2) two Γ-homotopy ribbon discs are compatible if and only if they are homotopy equivalent
rel. boundary.
Proof. We must show that the higher homotopy groups of ND vanish. Since pi1(ND) ∼= Γ,
the Γ-cover of ND is simply connected. Thus, by the Hurewicz theorem, we are reduced to
showing that Hi(ND;Z[Γ]) = 0 for i ≥ 2. We start with the case where i = 3, 4. Since K
is homotopy ribbon, the map pi1(MK)→ pi1(ND) = Γ is surjective. It follows that the corre-
sponding Γ-cover of MK is connected, so that we have an isomorphism H0(MK ;Z[Γ]) ∼=
H0(ND;Z[Γ]). Therefore H0(ND,MK ;Z[Γ]) = 0. Next, again since pi1(ND) ∼= Γ, we
have H1(ND;Z[Γ]) = 0, and we promptly deduce that H1(ND,MK ;Z[Γ]) = 0. Poincare´
duality and the universal coefficient spectral sequence, UCSS for short [Lev77, Theorem 2.3]
Ep,q2 = Ext
q
Z[Γ](Hp(ND,MK ;Z[Γ]),Z[Γ])⇒ Hp+q(ND,MK ;Z[Γ])
imply that Hi(ND;Z[Γ]) ∼= H4−i(ND,MK ;Z[Γ]) = 0 for i = 3, 4. Here the overline empha-
sises the involuted module structure. For i = 2, by duality and the UCSS, we have
H2(ND;Z[Γ]) ∼= H2(ND,MK ;Z[Γ]) ∼= HomZ[Γ](H2(ND,MK ;Z[G]),Z[Γ]).
It is therefore enough to show that H2(ND,MK ;Z[Γ]) is Z[Γ]-torsion. Using the long exact
sequence of (ND,MK) with Z[Γ] coefficients, this reduces to showing that H2(ND;Z[Γ])
and H1(MK ;Z[Γ]) are both Z[Γ]-torsion. The group Γ is PTFA since it is metabelian,
has H1(Γ) = Z and torsion free commutator subgroup; we refer to [COT03, Definition 2.1
and Remark 2.3] for relevant details on PTFA groups. Since ND is a Z-homology circle and
since Hi(MK ;Z) = Hi(S
1;Z) for i = 0, 1, these two statements follow from a now stan-
dard chain homotopy lifting argument [COT03, Proposition 2.10]. We have therefore shown
that ND is a K(Γ, 1).
The first consequence is immediate: for fixed Γ and n, Eilenberg-Maclane spaces K(Γ, n)
are unique up to homotopy equivalence. We prove the last assertion. If f : ND1 → ND2
is a homotopy equivalence rel. boundary, then it certainly induces a compatible isomor-
phism pi1(ND1)→ pi1(ND2). Conversely, assume that f : pi1(ND1)→ pi1(ND2) is a compatible
isomorphism. We use basic obstruction theory to construct the desired rel. boundary ho-
motopy equivalence ND1 → ND2 . Note that NDi is homotopy equivalent to a 3-dimensional
CW-complex with MK as a subcomplex (an argument is provided in [CNT17, Proof of Propo-
sition 5.14]). We define a map N
(1)
D1
∪MK → ND2 by sending the (relative MK) 1-cells to
their image under f and mapping MK identically to its image in ND2 . This map extends
over the 2-cells of (ND1 ,MK): the attaching maps of the 2-cells are sent to the image of
the relations under f and are therefore homotopically trivial. Since we have established that
the NDi are Eilenberg-Maclane spaces, pi2(ND2) = 0 and pi3(ND2) = 0, and we can therefore
extend the aforementioned map over ND1 as desired. 
2.2. Finding a degree one normal map. Using Lemma 2.1, we fix once and for all a rel.
boundary homotopy equivalence f : ND2 → ND1 . This way, IdND1 and f are both degree
one normal maps of the form (NDj , ∂NDj = MK) → (ND1 ,MK), and we wish to find a
relative degree one normal cobordism W → ND1 × [0, 1] between them; we refer the reader
to [Wal70] for the relevant terminology from surgery theory. In other words, we must show
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that f and IdND1 define the same element in the set NTOP (ND1 ,MK) of relative normal
bordism classes of degree one normal maps (M4, ∂M4) → (ND1 ,MK). To achieve this, we
recall some facts from surgery theory that will be familiar to the experts.
Set G := colimG(n) and TOP := colimTOP (n), where G(n) and TOP (n) denote re-
spectively the monoid of homotopy self-equivalences of Sn−1 and the group of homeomor-
phisms of Rn which map 0 to itself, both endowed with the compact-open topology. We refer
to [MM79] for further details on these spaces and on the homotopy fibre G/TOP . Given a
basepoint ∗ of G/TOP and a compact oriented topological 4-manifold X, as we will recall
below, there are bijections
(1) NTOP (X, ∂X) ' [(X, ∂X), (G/TOP, ∗)] ' H4(X, ∂X;Z)⊕H2(X, ∂X;Z2).
When X = ND1 , a combination of Poincare´ duality and the universal coefficient theorem
give H2(ND1 , ∂ND1 ;Z2) = 0, starting from the fact that ND1 is a homology circle. We
therefore focus on the H4 term: composing the bijection of (1) with the projection onto the
first summand gives a map
(2) proj1 : NTOP (X, ∂X)→ H4(X, ∂X;Z).
Since H3(X, ∂X;Z) ∼= H1(X;Z) ∼= HomZ(H1(X;Z),Z) is torsion free, we know that the
evaluation map H4(X, ∂X;Z) → HomZ(H4(X, ∂X;Z),Z) is an isomorphism. As X is com-
pact, an element of H4(X, ∂X;Z) is thus determined by its evaluation on the fundamental
class [X, ∂X].
The next result is known to surgery theorists; its proof follows [MM79, Chapter 4.A].
Proposition 2.2. Let X be a compact oriented topological 4-manifold. Given a degree one
normal map (g, ∂g) : (M,∂M)→ (X, ∂X) with ∂g a homotopy equivalence, one has
〈proj1(g), [X, ∂X]〉 = 18(σ(M)− σ(X)).
Proof. Since X is a manifold, NTOP (X, ∂X) is based by IdX and we can identify the normal
set NTOP (X, ∂X) with [(X, ∂X), (G/TOP, ∗)]: the (normal bordism class of the) degree one
normal map (g, ∂g) corresponds to a homotopy class [(X, ∂X), f : (X, ∂X) → (G/TOP, ∗)];
see e.g. [MM79, Theorem 2.23 and Remark 2.25] as well as [FQ90, Section 11.3B]. It is known
that for k > 0, the simply connected surgery obstructions give rise to maps
h4k : Ω
SO
4k (G/TOP, ∗)→ Z
h4k−2 : ΩSO4k−2(G/TOP, ∗)→ Z2.
We use Z(2) to denote the ring of integers localised away from 2. As explained in [MM79,
p.77], the map ΩSO∗ (G/TOP, ∗)⊗ Z(2) → H∗(G/TOP, ∗;Z(2)), [M,f ] 7→ f∗([M,∂M ]) admits
a section. In particular for k > 0, one obtains maps h4k ∈ Hom(H4k(G/TOP, ∗;Z(2)),Z(2))
and h4k−2 ∈ Hom(H4k−2(G/TOP, ∗;Z2),Z2). These elements then give rise to cohomology
classes
h4k ∈ H4k(G/TOP, ∗;Z(2)),
h4k−2 ∈ H4k−2(G/TOP, ∗;Z2).
Let G/TOP [2] denote the localisation of G/TOP away from 2. While we refer to [MM79,
Definition 1.30] for a definition of this space (where the terminology localisation at 2 is used),
we need only know that pii(G/TOP [2]) = pii(G/TOP )⊗Z(2). Using the Poincare´ conjecture
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and the surgery exact sequence, one deduces that the simply connected surgery obstructions
induce isomorphisms pii(G/TOP )
∼=→ Li(Z). Using this fact, it can be checked that the
cohomology classes h4k and h4k−2 give rise to a homotopy equivalence
(3) (G/TOP [2], ∗) '→
(∏
k>0
K(Z(2), 4k)×K(Z2, 4k − 2), ∗
)
.
In fact, some additional work shows that the Postnikov 4-type of G/TOP is (homotopy
equivalent to) K(Z, 4) × K(Z2, 2) (we are not localizing this time); see e.g. [HLL]. Using
these facts, we now conclude the proof of the proposition. Let [X, f : (X, ∂X)→ (G/TOP, ∗)]
be the homotopy class corresponding to the normal bordism class of g. The aforementioned
facts imply that the bijection NTOP (X, ∂X) → H4(X, ∂X;Z) ⊕ H2(X, ∂X;Z2) is given
by g 7→ (f∗(h4), f∗(h2)). We deduce that proj1(g) = f∗(h4). Combining this observation
with the definition of h4 gives
〈proj1(g), [X, ∂X]〉 = 〈f∗(h4), [X, ∂X]〉 = 〈h4, f∗([X, ∂X])〉 = h4([X, f ]) = 18(σ(M)− σ(X)).
This concludes the proof of Proposition 2.2. 
Using Proposition 2.2, we can establish the existence of the desired normal bordism.
Proposition 2.3. Let Γ be either Z or ZnZ[1
2
]. Let D1 and D2 be two Γ-homotopy ribbon
discs for a knot K and let f : ND1 → ND2 be a rel. boundary homotopy equivalence. There
exists a rel. MK cobordism (W,ND1 , ND2) and a relative degree one normal map
(F, IdND1 , f) : (W,ND1 , ND2)→ (ND1 × [0, 1], ND1 , ND1).
Proof. We show that the degree one normal maps IdND1 and f define the same class in the
normal set NTOP (ND1 ,MK). We already argued that H2(ND1 ,MK ;Z2) = 0, whence the
fact that the map proj1 : NTOP (ND1 ,MK)→ H4(ND1 ,MK ;Z) described in (2) is a bijection.
Proposition 2.2 now implies that IdND1 and f define the same class in NTOP (ND1 ,MK): in
both cases, we know that 1
8
(σ(NDi) − σ(ND1)) vanishes, since H2(NDi ;Z) = 0 for i = 1, 2.
This concludes the proof Proposition 2.3. 
2.3. The surgery obstruction. Proposition 2.3 gives rise to a 5-dimensional surgery prob-
lem. This surgery problem has a surgery obstruction in L5(Z[Γ]). Here, since the Whitehead
groups Wh(Z[1
2
]) and Wh(Z) are zero, we omitted the decorations in the L-groups; we refer
to [FT05, page 2148] for further details.
The next lemma describes L5(Z[Γ]) for Γ = Z,ZnZ[12 ].
Lemma 2.4. For Γ = Z and Γ = ZnZ[1
2
], there is an isomorphism L5(Z[Γ]) ∼= L4(Z).
Proof. For Γ = Z, this follows immediately from Shaneson splitting [Sha69], namely one
has L5(Z[Z]) = L4(Z) ⊕ L5(Z) = L4(Z). We therefore focus on the case G = Z n Z[12 ].
Invoking the Shaneson splitting L4(Z[Z]) = L4(Z), it is enough to show that
L5(Z[G]) ∼= L4(Z[Z]).
Multiplication by 2 induces an automorphism of Z[1
2
]. Let α∗ be the induced automorphism
of Ln(Z[
1
2
]). Using Ranicki’s long exact sequence for twisted Laurent extensions [Ran73] (see
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also [FT05, Theorem 4.5]), we obtain the following exact sequence:
(4)
· · · // L5(Z[Z[12 ]])
1−α∗// L5(Z[Z[12 ]]) // L5(Z[G]) // L4(Z[Z[
1
2 ]])
1−α∗// L4(Z[Z[12 ]]) // · · ·
As explained in [FT05, p. 2149], one has an isomorphism L4(Z[Z[
1
2 ]])
∼= L4(Z[Z]), and the
induced map α∗ : L4(Z[Z[12 ]]) → L4(Z[Z[12 ]]) is the identity map. Arguing as in [FT05, p.
2149], one can use the fact that L-groups commute with colimits (direct limits) to show
that L5(Z[Z[
1
2 ]]) = 0 (in [FT05], the authors show that L3(Z[Z[
1
2 ]]) = 0, but the same
argument applies here). The lemma now follows from the exact sequence displayed in (4). 
2.4. The proof of Theorem 1.4. We are now in position to prove Theorem 1.4, which states
that if D1 and D2 are two compatible homotopy Γ-ribbon discs for K with Γ = Z,ZnZ[12 ],
then D1 and D2 are ambiently isotopic rel. boundary.
Proof of Theorem 1.4. We first combine the results of the previous lemmas. Since D1 and D2
are compatible, Lemma 2.1 ensures the existence of a homotopy equivalence f : ND1 → ND2
rel. boundary. Proposition 2.3 provides a relative degree one normal map
(F, IdND1 , f) : (W,ND1 , ND2)→ (ND1 × [0, 1], ND1 , ND1).
The surgery obstruction σ(F ) lies in L5(Z[Γ]). Lemma 2.4 implies that L5(Z[Γ]) ∼= L4(Z)
and it is known that L4(Z) = L0(Z) ∼= 8Z is detected by the signature; see e.g. [MH73]. As a
consequence, we think of σ(F ) as an integer. Next, we modify F to a new surgery problem F ′
with vanishing surgery obstruction. This is achieved by connect summing W with σ(F ) copies
of the degree one normal map S1 ×±E8 → S1 × S4. As in [FQ90, p. 206], this connect sum
is performed along loops; the next paragraph provides some details on this construction.
First, we may assume that the degree one normal map F : W → ND1 × [0, 1] is a homeo-
morphism F−1(ND1 × [0, ε]) → ND1 × [0, ε] in a collar neighbourhood of ND1 × [0, 1]. Next,
choose an embedded S1 × D4 ⊂ ND1 × [0, ε] whose core represents a meridian of D1, and
consider its preimage F−1(S1 × D4) ⊆ W . The domain of our new map is obtained by re-
placing the domain of the map F−1(S1 × D4) → S1 × D4 with the domain of the degree
one map S1 × cl(E8 \ D4) → S1 × D4. Our new degree one normal map F ′ is obtained by
modifying F using this map on the new S1 × cl(E8 \D4).
The outcome of this construction is a degree one normal map F ′ : W ′ → (ND1 × [0, 1])
with vanishing surgery obstruction and which coincides with F on the boundary. It follows
that F ′ is normal bordant rel. MK × [0, 1] to a homotopy equivalence. We deduce that ND1
and ND2 are s-cobordant rel. boundary. Since the group Γ is solvable (for Z this is immediate,
while G = Z n Z[1
2
] is metabelian i.e. G(2) = 1), it is good in the sense of Freedman [FQ90]
(see also [FT95, KQ00]). The 5-dimensional s-cobordism theorem thus implies that ND1 is
homeomorphic to ND2 rel. boundary [FQ90, Theorem 7.1A]. Lemma 2.5 below shows that
this homeomorphism gives rise to an ambient isotopy from D1 to D2. 
The next lemma concludes the proof of Theorem 1.4.
Lemma 2.5. Let D1 and D2 be slice discs for K. The following assertions are equivalent:
(1) the discs D1 and D2 are ambiently isotopic rel. boundary;
(2) the exteriors ND1 and ND2 are homeomorphic rel. boundary.
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Proof. Let (gt : D
4 → D4)t∈[0,1] be an ambient isotopy rel. boundary from D1 to D2. In other
words, the gt are homeomorphisms, g0 = idD4 and g1 : D
4
∼=→ D4 satisfies g1(D1) = D2. It
follows that g1 induces a well defined rel. boundary homeomorphism ND1 → ND2 .
Now to the converse. Start from a rel. boundary homeomorphism f : ND1 → ND2 . We
wish to attach 2-handles to ND1 and ND2 in order to recover a self-homeomorphism of D
4.
Note that for i = 1, 2, we have
MK = ∂NDi
∼= S3 \ (K ×D2) ∪ (Di × ∂D2).
As a consequence, we have an identification of D1 × ∂D2 with D2 × ∂D2. Making use of this
identification, we attach a two handle D2 ×D2 to both ND1 and ND2 with core D1 ×D2 =
D2 × D2. The resulting manifolds are homeomorphic to D4 and respectively contain D1
and D2 as slice discs for K. Since the homeomorphism f fixes MK = ∂ND1 pointwise, it
extends to a well defined homeomorphism
f ′ := f ∪ IdD2×D2 : D4 → D4.
By construction, this homeomorphism carries D1 to D2. Since f is equal to the identity on
the boundary, so is f ′. We can therefore apply Alexander’s trick: this result implies that f ′ is
isotopic rel. boundary to the identity homeomorphism. We have therefore established that D1
and D2 are ambiently isotopic rel. boundary. This concludes the proof of the lemma. 
3. The proof of Theorem 1.3.
From now on, we write Z[t±1] instead of Z[Z] and recall that the lagrangian induced by a
homotopy ribbon disc D is
PD := ker(H1(MK ;Z[t
±1])→ H1(ND;Z[t±1])).
Thanks to Theorem 1.4, in order to conclude the proof of Theorem 1.3, it remains to show
that if two (Zn Z[1
2
])-homotopy ribbon discs induce the same lagrangian of the Blanchfield
pairing, then they are compatible. In fact, in Proposition 3.3 below, we will show that these
two conditions are equivalent.
First we show that if D is homotopy ribbon, then the Alexander module H1(ND;Z[t
±1])
can be described as a quotient of the Alexander module H1(XK ;Z[t
±1]) by the lagrangian PD.
Lemma 3.1. If D is a homotopy ribbon disc for a knot K, then the inclusion ιD : XK ↪→ ND
induces a Z[t±1]-isomorphism
(ιD)∗ : H1(XK ;Z[t±1])/PD
∼=→ H1(ND;Z[t±1]).
Proof. It is enough to show that ιD induces a surjection (ιD)∗ : H1(XK ;Z[t±1])
∼=→ H1(ND;Z[t±1])
between the Alexander modules. Recall that these modules can be identified with derived
quotients, namely
H1(ND;Z[t
±1]) ∼= pi1(ND)(1)/pi1(ND)(2) and H1(XK ;Z[t±1]) ∼= pi1(XK)(1)/pi1(XK)(2).
The lemma will therefore follow once we observe that ιD restricts to a surjection
ιD : pi1(XK)
(1) → pi1(ND)(1).
Indeed: if ιD is a surjection, then so is (ιD)∗. Next, we use the abelianisation homo-
morphisms φK and φD of pi1(XK) and pi1(ND). The inclusion ιD : XK ↪→ ND induces
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an isomorphism H1(XK ;Z)
∼=→ H1(ND;Z). We also denote this map by ιD and observe
that ιD ◦ φK = φD ◦ ιD. Furthermore, the kernels of φK and φD are isomorphic to the
respective commutator subgroups:
pi1(ND)
(1) = ker(φD),
pi1(XK)
(1) = ker(φK).
The lemma will thus be proved once we show that ιD induces a surjection ker(φK)→ ker(φD).
Let y lie in ker(φD). Since D is homotopy ribbon, the map ιD : pi1(XK) → pi1(ND) is
surjective and we can therefore choose an x ∈ pi1(XK) such that ιD(x) = y. Using the
aforementioned equality ιD ◦ φK = φD ◦ ιD, we deduce that ιD(φK(x)) = φD(ιD(x)) =
φD(y) = 0. Since ιD is an isomorphism on homology, we obtain φK(x) = 0, establishing
that x lies in ker(φK). This concludes the proof of the lemma. 
Next, we describe two consequences of Lemma 3.1.
Corollary 3.2. Let D be a homotopy ribbon disc for a knot K.
(1) The inclusion MK ↪→ ND induces a Z[t±1]-isomorphism
(ιD)∗ : H1(MK ;Z[t±1])/PD
∼=→ H1(ND;Z[t±1]).
(2) Set G := Z n Z[1
2
]. If D1 and D2 are G-homotopy ribbon discs, then a Z[t
±1]-linear
isomorphism f : H1(ND1 ;Z[t
±1])
∼=→ H1(ND2 ;Z[t±1]) that satisfies f ◦ (ιD1)∗ = (ιD2)∗
gives rise to a compatible isomorphism pi1(ND1)
∼=→ pi1(ND2).
Proof. To prove the first assertion, combine the isomorphismH1(XK ;Z[t
±1]) = H1(MK ;Z[t±1])
with Lemma 3.1. Next, we prove the second assertion. The groups pi1(MK)
(1)/pi1(MK)
(2) =
H1(MK ;Z[t
±1]) and pi1(MK)/pi1(MK)(1) = H1(MK ;Z) fit into the following short exact se-
quence of groups:
1→ H1(MK ;Z[t±1])→ pi1(MK)/pi1(MK)(2) p→ H1(MK ;Z)→ 1.
Since H1(MK ;Z) ∼= Z is freely generated by a meridian of K, if we fix a based meridian for K,
then we get a splitting s of p. Thus, the map
ZnH1(MK ;Z[t±1])
∼=→ pi1(NK)/pi1(NK)(2)
(n, h) 7→ s(n)h
is an isomorphism. Next, let D be a G-homotopy ribbon disc for K. Since the inclu-
sion MK ↪→ ND induces an isomorphism H1(MK ;Z)
∼=→ H1(ND;Z), the choice of a based
meridian for K also gives a splitting of pi1(ND)/pi1(ND)
(2)  H1(ND;Z), and the same
argument as above yields an isomorphism Z n H1(ND;Z[t±1]) ∼= pi1(ND)/pi1(ND)(2). On
the other hand, since the group pi1(ND) ∼= G is metabelian (i.e. G satisfies G(2) = 1), we
have pi1(ND) = pi1(ND)/pi1(ND)
(2). Combining these facts, we deduce that
pi1(ND) = pi1(ND)/pi1(ND)
(2) ∼= ZnH1(ND;Z[t±1]).
To conclude, let D1 and D2 be G-homotopy ribbon discs for the knot K, and fix a Z[t
±1]-linear
isomorphism f : H1(ND1 ;Z[t
±1])
∼=→ H1(ND2 ;Z[t±1]). The isomorphism pi1(ND1)
∼=→ pi1(ND2)
is constructed by combining f with the isomorphism ϕ : H1(ND1 ;Z) = Z
∼=→ Z = H1(ND2 ;Z)
12 ANTHONY CONWAY AND MARK POWELL
that maps a meridian of D1 to a meridian of D2. More precisely, the aforementioned split-
ting s : H1(MK ;Z)→ pi1(MK)/pi1(MK)(2) of p induces analogous splittings for ND1 and ND2
and this choice ensures that (ϕ, f) gives an isomorphism ZnH1(ND1 ; Λ)→ ZnH1(ND2 ; Λ).
The second assertion follows and the lemma is proved. 
The following proposition concludes the proof of Theorem 1.3.
Proposition 3.3. Set G := ZnZ[1
2
]. Two G-homotopy ribbon discs D1 and D2 for a knot K
induce the same lagrangian if and only if they are compatible.
Proof. As in Corollary 3.2, we use (ιDj )∗ to denote the inclusion induced maps on the level
of the Alexander modules. Assume that D1 and D2 are compatible and choose a compatible
isomorphism f : pi1(ND1)
∼=→ pi1(ND2). Passing to the derived quotients, this isomorphism
induces a Z[t±1]-linear isomorphism f∗ that satisfies f∗ ◦ (ιD1)∗ = (ιD2)∗. We therefore
obtain PD1 = PD2 , as desired.
Conversely, assume that PD1 = PD2 . Using the first item of Corollary 3.2, we know
that the inclusions induce isomorphisms (ιDj )∗ : H1(MK ;Z[t±1])/PDj
∼=→ H1(NDj ;Z[t±1])
for j = 1, 2. Consequently, setting f∗ := (ιD2)∗ ◦ (ιD1)−1∗ , we obtain a Z[t±1]-linear iso-
morphism H1(ND1 ;Z[t
±1])
∼=→ H1(ND2 ;Z[t±1]). By construction, this isomorphism satis-
fies f∗ ◦ (ιD1)∗ = (ιD2)∗ Using the second item of Corollary 3.2, we can thus extend f∗ to
a compatible isomorphism pi1(ND1)
∼=→ pi1(ND2). This concludes the proof of the proposi-
tion. 
4. Characterising G-homotopy ribbon discs.
In this section, we explain how our results combine with those of Friedl-Teichner [FT05]
to give a characterisation of G-homotopy ribbon discs. In particular, we prove Theorem 1.6
from the introduction. Throughout this section, we adopt the convention that Z[1
2
] denotes
either Z[t±1]/(t−2) or Z[t±1]/(2t−1), and that if Z[1
2
] = Z[t±1]/p(t) for p(t) = t−2 or 2t−1,
then Z[1
2
] denotes Z[t±1]/p(t−1). In this way, we make statements for two Z[t, t−1]-module
structures on Z[1
2
] simultaneously.
We start with some necessary conditions for a knot K to bound a G-homotopy ribbon disc.
The next proposition provides some details on results that are implicit in [FT05].
Proposition 4.1. Let D be a G-homotopy ribbon disc for a knot K.
(1) The Alexander module of K sits in a short exact sequence
(5) 0→ PD → H1(MK ;Z[t±1])→ PD → 0,
with PD = Z[
1
2
]. In particular, ∆K
.
= (t− 2)(2t− 1).
(2) With respect to the inclusion induced map φ : pi1(MK)  pi1(D4 \ νD) ∼= G, one has
(6) Ext1Z[G](H1(MK ;Z[G]),Z[G]) = 0.
Proof. Using Poincare´ duality, the UCSS, and the fact that D is homotopy ribbon, we see
that H2(ND;Z[t
±1]) = 0. Combining this with a glance at the long exact sequence of the
pair (ND,MK) with Z[t
±1] coefficients shows that
PD = im(H2(ND, ∂ND;Z[t
±1])→ H1(MK ;Z[t±1])) ∼= H2(ND,MK ;Z[t±1]).
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Next, observe that H1(ND;Z[t
±1]) ∼= Z[12 ] and H1(ND,MK ;Z[t±1]) = 0 : for the absolute
homology module, use that H1(ND;Z[t
±1]) = G(1)/G(2) = Z[1
2
]; for the relative homology
module, use that D is homotopy ribbon. The long exact sequence of the pair (ND,MK)
with Z[t±1] coefficients now gives rise to the short exact sequence displayed in (5).
It remains to argue that PD ∼= Z[12 ]. First, note that Hom(H2(ND;Z[t±1]),Z[t±1]) = 0
(since we argued that H2(ND;Z[t
±1]) = 0) and Ext2Z[t±1](Z,Z[t±1]) = 0 (using for instance
group cohomology). We then combine these facts with Poincare´ duality, the UCSS, and the
fact that H1(ND;Z[t
±1]) = Z[1
2
], to complete the proof of the first item:
PD ∼= H2(ND,MK ;Z[t±1]) ∼= H2(ND;Z[t±1]) ∼= Ext1Z[t±1](H1(ND;Z[t±1]),Z[t±1])
∼= Ext1Z[t±1](Z[12 ],Z[t±1]) ∼= Z[12 ].
Now we establish the second item of the proposition. According to Friedl-Teichner [FT05,
Lemma 5.1], the Ext condition displayed in (6) is equivalent to the vanishing of a Z[G]
coefficient Blanchfield form BlKG : H1(MK ;Z[G])×H1(MK ;Z[G])→ Q(G)/Z[G], where Q(G)
is the Ore localisation of Z[G]. Using the arguments of [COT03, pages 461-462], one can
establish the existence of a Blanchfield-type pairing
BlDG : H2(ND, ∂ND;Z[G])×H1(ND;Z[G])→ Q(G)/Z[G].
Essentially, one uses that H∗(ND;Q(G)) = 0, and argues that the appropriate Bockstein
homomorphism is an isomorphism. Using A∧ to denote HomZ[G](A,Q(G)/Z[G]), the same
arguments as in [COT03, pages 461-462] then show that the following diagram commutes:
(7) H2(ND, ∂ND;Z[G])
∂ //
BlDG

H1(MK ;Z[G])
j //
BlKG

H1(ND;Z[G])
BlDG

H1(ND;Z[G])
∧ j∧ // H1(MK ;Z[G])∧
∂∧ // H2(ND, ∂ND;Z[G])
∧.
In (7), the vertical maps indicate the adjoints to the aforementioned Blanchfield pairings.
Now pi1(ND) ∼= G implies that H1(ND;Z[G]) = 0. A quick diagram chase then shows
that BlKG = 0: given x, y ∈ H1(MK ;Z[G]), by exactness, and since H1(ND;Z[G]) = 0,
there is an u ∈ H2(ND, ∂ND;Z[G]) with ∂u = x; the commutativity of the diagram displayed
in (7) then gives
BlKG (x)(y) = Bl
K
G (∂u)(y) = j
∧BlDG(u) = j
∧(0) = 0
This completes the proof that Ext1Z[G](H1(MK ;Z[G]),Z[G]) = 0. 
Let K be an oriented knot, and let P ⊆ H1(MK ;Z[t±1]) be a lagrangian for the (classical)
Blanchfield pairing of K. Assume that P fits in an exact sequence
(8) 0→ P → H1(MK ;Z[t±1])→ Z[12 ]→ 0.
As we mentioned in the introduction, there is an associated homomorphism
φP : pi1(MK)→ pi1(MK)/pi1(MK)(2) ∼= ZnH1(MK ;Z[t±1])→ ZnH1(MK ;Z[t±1])/P ∼= G.
Note that if P = PD for some homotopy ribbon disc D, then φP coincides with the homo-
morphism induced by the inclusion MK ↪→ ND. Observe furthermore that the short exact
sequence displayed in (8) implies that ∆K
.
= (t − 2)(2t − 1): this can be deduced from the
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equations ∆K
.
= Ord(P )Ord(P ) (which holds since P ⊂ H1(MK ;Z[t±1]) is a lagrangian), and
∆K
.
= Ord(P ) Ord(Z[1
2
]) (which follows from (8)).
We can now completely characterise G-homotopy ribbon discs, as promised.
Theorem 4.2. Let K be an oriented knot, and let P ⊆ H1(MK ;Z[t±1]) be a lagrangian of
the Blanchfield pairing BlK . The following assertions are equivalent.
(1) There is a G-homotopy ribbon disc D for K with P = PD, unique up to topological
ambient isotopy rel. boundary.
(2) The lagrangian P fits into a short exact sequence
(9) 0→ P → H1(MK ;Z[t±1])→ Z[12 ]→ 0,
and, with respect to φP , we have Ext
1
Z[G](H1(MK ;Z[G]),Z[G]) = 0.
Proof. We show that (1) implies (2). Let D be a G-homotopy ribbon disc for K. Then
by Theorem 1.3, D is determined up to topological ambient isotopy rel. boundary by the
induced lagrangian P = PD. In this case, the map φP coincides with the inclusion induced
map pi1(MK)→ pi1(ND). As a consequence, the first item of Proposition 4.1 ensures that the
lagrangian P = PD fits into the short exact sequence displayed in (9), and the second item
of Proposition (4.1) guarantees that Ext1Z[G](H1(MK ;Z[G]),Z[G]) = 0.
Next, we show that (2) implies (1). Given a metaboliser P for BlK which fits into the short
exact sequence displayed in (9), we obtain the surjective homomorphism φP : pi1(MK) → G.
As, with respect to φP , we assumed that Ext
1
Z[G](H1(MK ;Z[G]),Z[G]) = 0, the second part
of Theorem 1.1 (which is [FT05, Theorem 1.3]) ensures the existence of a G-homotopy ribbon
disc D for K with P = PD. The uniqueness is guaranteed by Theorem 1.3. This completes
the proof of Theorem 4.2. 
5. Examples
Throughout this section, we set G := ZnZ[1
2
]. Given n ∈ Z, consider the knot Kn obtained
by adding n full twists in the left band of the 946 knot as on the left hand side of Figure 2
below. The goal of this section is to use Theorem 1.3 to study the G-homotopy ribbon discs
of Kn.
n n
α β
a b
Figure 2. On the left: the knot Kn; on the right: a Seifert surface Fn for Kn
as well as (oriented curves representing) generators a, b of H1(Fn;Z) and their
Alexander dual curves α, β.
ENUMERATING HOMOTOPY-RIBBON SLICE DISCS 15
Let F := Fn be the obvious Seifert surface for K := Kn depicted on the right hand side
of Figure 2. This figure also shows simple closed curves α, β ⊂ S3 \ F Alexander dual to
generators a, b of H1(F ;Z), which are also shown. These loops α and β (or more precisely
their lifts to the infinite cyclic cover of MK) generate H1(MK ;Z[t
±1]) as a Z[t±1]-module.
5.1. The case that n is a multiple of 3. Now we restrict to the case that n = 3k for some
k ∈ Z. In this case we are able to classify the G-homotopy ribbon discs for K3k.
We write homology classes without brackets and we set β′ := kα + β so that a Seifert
matrix computation yields
H1(XK ;Z[t
±1]) = Z[t±1]α/(t− 2)α⊕Z[t±1]β′/(2t− 1)β′.
A metabolizer m for K is a rank 1 summand of H1(F ;Z) ∼= Z2 on which the Seifert form
vanishes. Following [CHL10, Definition 5.4], a metabolizer m represents a lagrangian P for
the rational Blanchfield pairing if the image of m under the map
H1(F ;Z)→ H1(F ;Z)⊗Q
i∗ H1(XK ;Q[t±1])
spans P as a Q-vector space; here i∗ is obtained by fixing a lift of F to the infinite cyclic
cover of XK . The next lemma describes the lagrangians of Bl(K) as well as their generators
and metabolizers which represent them.
Lemma 5.1. The Blanchfield pairing Bl(K3k) admits precisely two distinct lagrangians P1, P2
that are respectively generated by α and β′ = kα+β. The lagrangian P2 is represented by the
metabolizer Z〈a− kb〉 ⊂ H1(F ;Z).
Proof. The description of the lagrangians for Bl(K3k) and their generators can be found
in [FT, p. 4–5] (the unpublished clarification of the published erratum to [FT05]). To prove
the last statement, we use Cochran, Harvey and Leidy’s constructive proof of the fact that
every lagrangian is represented by a metabolizer [CHL10, Lemma 5.5]. We start from the la-
grangian P2 = 〈kα+β〉, viewed as a 1-dimensionalQ-vector subspace of the rational Alexander
module A0(K) := H1(XK ;Q[t±1]) ∼= Q2. In the notation of [CHL10], the element a1 := a−kb
maps to γ1 := kα+ β under the inclusion induced map
H1(F ;Z) = H1(F × {1};Z)→ H1(S3 r (F × (−1, 1));Z),
which with respect to the bases {a, b} and {α, β} respectively is represented by the Seifert
form
(
3k 2
1 0
)
. Cochran, Harvey and Leidy then prove that {a1} spans P2 in the rational
vector space A0(K) [CHL10, p.760-761]. This concludes the proof of the lemma. 
Although we do not require this fact, observe that the same argument as in the proof of
Lemma 5.1 shows that the lagrangian P = P1 = 〈α〉 is represented by the metabolizer Z〈b〉.
The next result provides an application of Theorem 1.3.
Theorem 5.2. Set G := ZnZ[1
2
]. Up to ambient isotopy rel. boundary, the knot K3k admits
(1) precisely two distinct G-homotopy ribbon discs if k = 0,−1;
(2) a unique G-homotopy ribbon disc if k 6= 0,−1.
Proof. Throughout the proof, we write K := K3k. We first assume that k = 0. We will give
full details for k = 0, and adapt them to the case k = −1 below. Performing a saddle move
on the left (resp. right) band of K gives rise to a ribbon disc D1 (resp. D2).
16 ANTHONY CONWAY AND MARK POWELL
3k
0
Figure 3. A Kirby diagram for the exterior ND1 of the homotopy ribbon
disc D1 obtained by performing a saddle move on the left band of K3k.
Claim. The discs D1 and D2 are G-homotopy ribbon and respectively induce the lagrangians P1
and P2 described in Lemma 5.1.
Proof. We only prove this claim for D1, since D2 can be treated similarly. We draw a Kirby
diagram of ND1 as in Figure 3; we refer to [GS99, p. 213] for details on this procedure. The
group pi1(ND1) admits a presentation with two generators, the meridians a, b of the dotted
circles, and a unique relation bab−1a−1b−1a−1, obtained by reading off the word described by
the 2-handle. Setting c := ab, we deduce that D1 is G-ribbon:
pi1(ND1)
∼= 〈a, b | bab−1a−1b−1a−1 = 1〉 ∼= 〈a, c | a−1ca = c2〉 ∼= G.
Since ribbon discs are homotopy ribbon, we have proved that D1 is G-homotopy ribbon.
Next, we show that D1 induces P1 = 〈α〉. As explained at the beginning of this section, the
Alexander module H1(XK ;Z[t
±1]) is generated by (homology classes of) the curves α and β
depicted in the right hand side of Figure 2. After straightening the dotted circles in the Kirby
diagram of ND1 , one sees that (ιD1)∗ maps α to zero and maps β to c. Since Lemma 5.1 implies
that Bl(K) admits precisely two lagrangians, PD1 must equal either P1 = 〈α〉 or P2 = 〈β〉.
Since we established that α lies in PD1 but β does not, we deduce that PD1 = P1. This
concludes the proof of the claim. 
Using the claim, in order to establish the result in the k = 0 case, it remains to show
that D1 and D2 are distinct and that, up to ambient isotopy, there are no other G-homotopy
ribbon discs. First, assume that D induces P1 and D
′ induces P2; we claim that D and D′
are not ambiently isotopic rel. boundary. By means of contradiction, assume they are. Using
Lemma 2.5, this ambient isotopy induces a rel. boundary homeomorphism of D4. In particular
this homeomorphism is the identity on XK . Lifting these considerations to the infinite cyclic
covers, it follows that P1 = P2. This is a contradiction and proves the claim that D and D
′ are
not ambiently isotopic rel. boundary. Finally, we show that there are no other G-homotopy
ribbon discs than D1 and D2. If D is such disc, then Lemma 5.1 implies that it must induce
either P1 or P2. Without loss of generality, assume that D induces P1. By Theorem 1.3,
since D1 and D induce the same lagrangian, they must be ambiently isotopic rel. boundary.
When k = −1, the lagrangian P2 is represented by the metabolizer Z〈a + b〉, and a + b
is represented by the unknotted curve J depicted on the left hand side of Figure 4. The
argument works similarly to the case k = 0, after performing an isotopy on F (resulting in
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the surface F ′ depicted on the right hand side of Figure 4) so that J becomes the core of one
the two bands of F ′.
−3
−3
Figure 4. On the left: the surface F together with the curve J which repre-
sents the homology class a+ b. On the right: the surface F ′ obtained from F
by performing an isotopy so that J becomes the core of one of the bands.
Finally, we assume that k 6= 0,−1. Arguing as in the k = 0 case and applying Theorem 1.3,
we know that up to ambient isotopy rel. boundary, K admits at most two G-homotopy ribbon
discs, corresponding to the lagrangians P1 and P2 described in Lemma 5.1. As in the previous
paragraphs, a saddle move on the left band of K produces a G-homotopy ribbon disc that
induces P1.
Claim. The lagrangian P2 = 〈kα+ β〉 is not induced by any slice disc.
Proof. Recall that a metabolizer m of the Seifert form represents a lagrangian P for the
rational Blanchfield pairing if the image of m under the map
H1(F ;Z)→ H1(F ;Z)⊗Q H1(MK ;Q[t±1])
spans P as a Q-vector space. Following [CHL10, Definition 5.1] a derivative of K with respect
to m is a knot J embedded in F that gives a basis for m. Lemma 5.1 establishes that P2 is
represented by the metabolizer m := Z〈a− kb〉 ⊂ H1(F ;Z). Reading braids from bottom to
top, for k > 0, a derivative of K with respect to m is given by the negative braid knot Jk = γ̂k,
where γk is the negative braid
γk = (σ
−1
k · · ·σ−11 )(σ−11 · · ·σ−1k )(σ−1k · · ·σ−11 ).
For k = 2, this knot is depicted in Figure 5; note also that for k = 0,−1, the derivative is
unknotted, as expected. For k < −1, the derivative is instead given by J−k−1.
Next, we consider the first order signature ρ1(K,φP2) associated to the lagrangian P2
of Bl(K). Since we need only two properties of ρ1(K,φP2), we omit its definition but refer the
interested reader to [CHL10, Definition 4.1] for details. Use ρ0(Jk) to denote the integral of
the Levine-Tristram signature function σJk(ω) over S
1. Since Jk is a negative braid knot, we
have σJk(ω) ≥ 0 for all ω ∈ S1 (e.g. negative braid knots can be unknotted using only negative
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6
Figure 5. The knot J2 on the surface F .
to positive crossing changes) and σJk(−1) > 0 (see e.g. [Rud82] or [Prz89]). Combining this
observation with [CHL10, Corollary 5.8] implies that
ρ1(K,φP2) = ρ
0(Jk) > 0.
To finish the proof, if P2 were induced by a slice disc D, then [CHL10, Theorem 4.2] would
imply that ρ1(K,φP2) = 0, a contradiction. This concludes the proof of the claim that the
lagrangian P2 = 〈kα+ β〉 is not induced by a slice disc. 
Summarising, when k 6= 0,−1, we know that P1 is induced by a slice disc D, but that P2 is
not induced by any slice disc. The fact that D is unique up to ambient isotopy rel. boundary
now follows by applying Theorem 1.3. This concludes the proof of Theorem 5.2. 
5.2. The cases with n not a multiple of 3. Now we study the cases that n is not a
multiple of 3. Define k ∈ Z and x ∈ {1, 2} as the unique numbers with n = 3k + x.
As above, let F := Fn be the obvious Seifert surface for K := Kn depicted on the right hand
side of Figure 2. This figure also shows simple closed curves α, β ⊂ S3 \ F Alexander dual
to generators a, b of H1(F ;Z). The loops α and β generate H1(MK ;Z[t
±1]). A computation
with the Seifert matrix shows that
H1(MK ;Z[t
±1]) ∼= Z[t
±1]
(t− 2)(2t− 1)
is a cyclic Z[t±1]-module generated by kα+ β. Using [FP17, Theorem 1.4], we compute that
the Blanchfield form is isometric to:
Z[t±1]
(t− 2)(2t− 1) ×
Z[t±1]
(t− 2)(2t− 1) → Q(t)/Z[t
±1]
(p, q) 7→ −px(t− 1)
2q
(t− 2)(2t− 1) .
Contrary to the statement in [FT, p. 4–5] (the unpublished clarification of the published
erratum to [FT05]), there are two lagrangians for the Blanchfield form, namely the submodules
P1 := (t− 2)Z[t±1] and P2 := (2t− 1)Z[t±1].
Here P1 is generated by α and P2 is generated by nα + 3β. To see that these are distinct
submodules, note that if they were equal then there would exist p, q ∈ Z[t±1] such that
2t− 1 = p(t− 2) + q(t− 2)(2t− 1) = (t− 2)(p+ q(2t− 1)). But then multiplication of Laurent
polynomials leads to addition of their widths, so p+ q(2t− 1) is a monomial ±tm. But there
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is no monomial such that 2t− 1 = ±tm(t− 2). It follows that P1 and P2 are indeed distinct
lagrangian submodules.
Corresponding to these lagrangians of Bl(K) are derivative curves on F representing b
and 3a − nb respectively. One can find these metabolizers directly by computing with the
Seifert matrix
(
n 2
1 0
)
. For every n, as in Section 5.1, b is represented by an unknotted, and
therefore slice derivative curve, so there is an essentially unique slice disc corresponding to P1
for every n.
The following proposition classifies the G-homotopy ribbon discs for small values of n.
Proposition 5.3. Set G := ZnZ[1
2
]. Up to ambient isotopy rel. boundary,
(1) the knots K−1 and K−2 admit precisely two distinct G-homotopy ribbon discs;
(2) the knots K−5, K−4, K1, and K2 admit a unique G-homotopy ribbon disc.
Proof. As described above, there is a slice disc corresponding to P1. For n = −1,−2, the
other derivative curve, representing 3a + b and 3a + 2b respectively, is also unknotted. In
these cases there is therefore also a slice disc corresponding to the lagrangian P2, and so by
Theorem 1.3 we have precisely two distinct G-homotopy ribbon discs as claimed.
For n ∈ {−5,−4, 1, 2}, we drew the derivative curves Jn on F for 3a− nb ∈ H1(F ;Z), and
used a computer1 to show that ρ0(Jn), the integral over S
1 of the Levine-Tristram signature
function σJn(ω), is nonzero. Thus by [CHL10, Theorem 4.2], as explained in the proof of
Theorem 5.2, there can be no slice disc corresponding to the lagrangian P2. It follows from
Theorem 1.3 that there is a unique G-homotopy ribbon disc for Kn with n ∈ {−5,−4, 1, 2}.

As mentioned in the introduction, we conjecture that for each n with n > 0 or n < −3, there
is a unique G-homotopy ribbon disc for Kn. We have been unable to establish the required
lower bounds on the absolute value of the integral of the signatures for the derivative curves
corresponding to the lagrangian P2. It is encouraging that for the examples we checked with
a computer, our conjecture holds. For larger absolute values of n, the derivatives become
more complicated, so it seems doubtful that their signatures become trivial.
6. Relaxing the rel. boundary restriction
In this section, we consider relaxing the rel. boundary condition. Note that the two G-
homotopy ribbon discs for 946 are isotopic as disc knots. That is, if isotopies of the knot in S
3
are also permitted, then R := 946 admits an essentially unique G-homotopy ribbon disc.
Let η1 and η2 in XR be the curves shown on the left hand side of Figure 6. Perform the
satellite operation on R along η1 and η2 with infection knots J1 and J2 respectively, to obtain
a knot that we denote K := R(J1, J2) and that is depicted schematically on the right hand
side of Figure 6.
The next theorem requires the existence of two hyperbolic Alexander polynomial one
knots J1 and J2 with exteriors that are not homeomorphic. This is guaranteed by [Fri09,
Theorem 1.1] applied to a Seifert matrix for the unknot.
1We used SnapPy to obtain the PD code of the Jn, Sage to deduce Seifert matrices, and Mathematica to
deduce that the Levine-Tristram signature is non-positive for J1, J2 and non-negative for J−4, J−5.
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η1 η2 J1 J2
Figure 6. On the left: the knot R := 946 with the infections curves η1, η2;
on the right: the satellite knot K := R(J1, J2) obtained by infecting R along
the curves η1, η2.
Theorem 6.1. Let J1 and J2 be two hyperbolic Alexander polynomial one knots with exteriors
that are not homeomorphic. The knot K shown on the right hand side of Figure 6 has precisely
two G-homotopy ribbon discs up to ambient isotopy.
Proof. First, we may construct a G-homotopy ribbon disc D1 for K by cutting the left hand
band via a saddle move, to obtain the (2, 0) cable of J2, and then capping this off with
two parallel copies of the Z-homotopy ribbon disc for J2 whose existence is guaranteed by
the ∆J2(t) = 1 condition. That this is a G-homotopy ribbon disc follows from the same
calculation as in Section 5: two parallel copies of the Z-homotopy ribbon disc for J2 in D
4
have complement with fundamental group free of rank two generated by the meridians to the
two components, just like the standard slice discs for the unlink given by the dotted circles
in Figure 3.
Construct a similar G-homotopy ribbon disc D2 for K by cutting the right hand band.
There are still only two lagrangians for the Blanchfield form, so there are still only at most
two G-homotopy ribbon discs up to ambient isotopy by Theorem 1.3. To complete the proof of
Theorem 6.1 we need to argue that there is no isotopy of K interchanging the two lagrangians.
If there were such an isotopy, then it would induce a self-homeomorphism F : XK → XK
interchanging the classes of η1, η2 ∈ H1(XK ;Z[t±1]).
Recall the Jaco-Shalen-Johannson (JSJ) theorem [Hat07, Theorem 1.9]: let M be a com-
pact, irreducible, orientable 3-manifold. There is a collection T of disjoint incompressible tori
such that each component of M cut along T is either atoroidal (every incompressible torus
is boundary parallel) or a Seifert manifold. A minimal collection of such T is unique up to
isotopy.
The knot exterior XK is certainly compact, orientable, and irreducible. We need to identify
the JSJ tori: they correspond to the satellite construction.
Claim. The JSJ pieces of the knot exterior XK are XR,η := XR \ (νη1 ∪ νη2) together with
the knot exteriors XJ1 and XJ2. The JSJ tori are Ti := ∂νηi, i = 1, 2.
Proof. To prove the claim, first we argue that the tori Ti are incompressible. To see this, note
that the longitude of Ti is a generator of the Alexander module of R, therefore is nontrivial
in pi1(XR), so also in pi1(XR,η). The meridian of Ti is a longitude in XJi , so is nontrivial
in pi1(XJi) by the loop theorem and the fact that Ji is knotted.
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Next, both J1 and J2 are hyperbolic knots, so XJ1 and XJ2 are atoroidal. Similarly, using
SnapPy, we checked that the link R∪η1∪η2 is hyperbolic, and so XR,η cannot be decomposed
further along tori. This completes the proof of the claim on the JSJ decomposition of XK . 
Now we show that there is no isotopy of K interchanging the two lagrangians. If there
were, there would be a self-homeomorphism of XK with the same effect. By the JSJ theorem
it would have to switch the two JSJ tori, up to an isotopy of the self-homeomorphism. Note
that a longitude of the torus ∂νηi generates the lagrangian Pi, for i = 1, 2. But the JSJ
pieces XJ1 and XJ2 are not homeomorphic, so the tori ∂νηi and cannot be exchanged by any
homeomorphism. Therefore the two slice discs D1 and D2 are not ambiently isotopic. 
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